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A system of boundary integral equations of the first kind with piecewise-smooth kernels, to which the boundary-value problems
of electroelasticity reduce in the case of steady-state oscillations, is formulated. The proposed approach does not use the
idea of fundamental solutions and is based solely on an analysis of the characteristic polynomial of the electroelasticity operator.
© 2000 Elsevier Science Ltd. All rights reserved.

The extension of the method of boundary integral equations to models describing the connected fields
in continuum mechanics—electroelasticity [1, 2], magnetoelectroelasticity [3], and thermoelectroelasticity
[4], is based, as a rule, on potential theory and the reciprocity theorem, on the construction on fundamental
and singular solutions for the corresponding operators, and generalized limit theorems for analogues
of the potentials of a single and a double layer [5]. Whereas in the isotropic theory of elasticity these
solutions are expressed in explicit form in terms of elementary or special functions, for the models of
connected problems indicated, only integral representations of the fundamental solutions can be
constructed, which, to a considerable extent, reduces the effectiveness of any further numerical analysis
of the systems of boundary integral equations constructed based on the boundary-element method [6].

Another approach to the formulation of systems of boundary integral equations of the anisotropic
theory of elasticity was proposed in [7], which enables the boundary-value problem for a finite body to
be reduced to a system of boundary integral equations of the first kind with piecewise-smooth kernels
without using fundamental solutions. This approach is based solely on the well-known properties of
the analyticity of the Fourier transforms of functions with a carrier in a limited region, and an analysis
of the characteristic polynomial of the corresponding operator and leads to a system of boundary integral
equations in the unit circle (the plane case) or the unit sphere (the three-dimensional case). A
formulation of the corresponding boundary integral equations for problems of the isotropic theory of
elasticity and acoustics was given in [8, 9], and also a numerical construction of the corresponding inverse
operators by a combination of the boundary-element method and the Tikhonov regularization method.
An important advantage of the proposed algorithm is the fact that the coefficients of the algebraic systems
obtained can be calculated in explicit form, rather than in the form of single or double integrals, as in
the classical version of boundary equations. In view of the fact that the procedure of inverting a Fredholm
operator equation of the first kind is ill-posed, this scheme requires regularization [10] in some form.

Note that this approach cannot be applied directly to operators, characteristic of polynomials which
contains a zero component (the Laplace operator, the static theory of elasticity and electroelasticity).

Below we propose an extension of the method of boundary integral equations of the first kind to
problem of electroelasticity. The problems involved in the numerical realization are discussed, and
numerical examples are given. Note that the proposed system of boundary integral equations enables
the oscillations of an electroelastic medium to be analysed when there is attenuation (within the
framework of the theory of complex moduli), and this approach is particularly effective when it is only
required to investigate boundary characteristics (the displacements of boundary points, the potential
difference, the charge distribution under an electrode, etc.).

1. FORMULATION OF THE PROBLEM AND THE SETTING UP OF THE
SYSTEM OF BOUNDARY INTEGRAL EQUATIONS

Suppose a bounded simply connected region V' € R" (n = 2, 3), stellar with respect to a certain sphere,
is bounded by a piecewise-smooth surface S. The region V is occupied by an electroelastic medium,
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which performs steady oscillations with frequency » due to the action of a potential difference 2¢y,
applied to a pair of electrodes S, and S_. We will assume that the remaining part of the boundary Sp
is not an electrode; the whole boundary S is stress-free. Note that the general approach to obtaining
boundary integral equations does not change if we consider the problem of the action on the body VV
of mechanical loads, including contact-type loads (and also in the case of the connection of a piezoelectric
element in a certain electric circuit), and also the problem of kinematic or mixed mechanical boundary
conditions.
The boundary-value problem is described by the following system of equations [11]

Opjj + Pﬁ)zum =0, Dym=0
o-mj = ijkluk,l + ekm.,d),ka Dm = CokiMid — 3mk¢,k (11)
with boundary conditions
Gl/rll ls= 0, q) lSi = tq)o, Dmnm ISD =0 (1.2)

Here u,,,, D,, and n; are the components of the displacement vectors, the electric induction and the unit
outward normal, respectively, G, Cpjkis €kmj and 3, are the components of the stress tensors, the
elasticity constants, the piezoelectric constants, and the permittivities, ¢ is the electric potential and p
is the density.

We will apply a Fourier integral transformation to Eqgs (1.1); eliminating the transforms of the stresses
and the induction, we obtain the system '

(ijklaj(xl - pwzamk )Uk ((1) + ekmjajakd)(a) = Vm(a)’
(1.3)
emklamalUk ()= 3mjamaj(I)((x') = VA((X)

where

. i(0,.x)
Vm ((X) = j [(Smjnj - I(XJ (ijkluk + e,mjd))nl ]e‘ ‘ dS
N

U (@) = | u (x)e'™Vdv, @)= [ d(x)e' > dv (1.4)
1% v

m

Valo) = j [D, 1, — i, (et — 3,,,,¢)n, ]ei(a'x)ds
N

Solving system (1.3) for the components U,(a) and ®(a), we obtain

Uk(a)=M‘in(_°‘l, @(a)=£ﬂﬂ_’%z.(_a_), m=12,3,4 (1.5)

polo, ®) Po{0, ©)
po(0, ®) = det (A(a, W))

where A = || A, (0, @) || is the matrix of linear system (1.3) with respect to unknowns U, (o) and ®(a):
its elements can be represented in the form

Ao, ) = A pyj1iOLOL — (Dzbmsmk
b| = b2 = b3 = p,b4 = 0, amjk, = ijkl’ ’n,k = 1,2,3

amj4l = a4jml = elmj’ m= 1’2’3’ a".f‘” = -a,il

Pim(a, ®) are the cofactors of the elements of the matrix A(a, ®), which are sixth-order polynomials
in the components a;, and py(a, ®) is an eighth-order polynomial in o

The polynomial py(a., ®) will be called the characteristic polynomial of the electroelasticity operator.
This polynomial has eight complex manifolds of zeros (in the plane case when n = 2 there are six)
ay = oy, o) (j = 1,2, 3,4), o' = (04, ap), while for the electroelastic medium among these
manifolds there is the origin of coordinates, and the previously used approach [7] cannot be applied
directly in this case (one of the boundary equations becomes the condition for the boundary-value
problem
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|D,dS=0
$

to be solvable and does not enable the system of boundary integral equations to be closed).

However, by analysing relations (1.5) we find that there right-hand sides are irregular when o; =
*az(a’, ®), while the left-hand sides are analytic functions for u;(x), $(x) € W'y(V). Hence, to eliminate
the contradiction which arises we need to require that the following equalities should be satisfied

Pim (0, 2035 (0”, 0), 0)V,, (0, 203 (2, @)) = 0 (1.6)
kj=1,2,3,4, a’e C™'

It is easy to see that part of relations (1.6) is a consequence of the remaining ones, and we will
therefore henceforth assume that & = 1. These relations are unique conditions of solvability of the initial
boundary-value problem, connecting the boundary values of the unknowns ;}g, D, |S+, ¢|sp and the
potential ¢

| GE(@,x)D,(x)dS, + [ GE(a, x)D_(x)dS, + | G0, x)u,, (x)dS, +
Sy S- s

+ [ Goay (o', X)O(x)dS, = boH (') (1.7)
Sp
where
Gi;(,x) = py(at, @) >, Gl (O, X) = =i0L 1Yy 1y (01, e o
for oz = = o, w), j=1,2,3,4, m=1,2,3,4 (1.8)

Hf(a’):-sj Giyj(o, x)dS, + | Giy; (o', x)dS,
. S-

Here pi,(a, ®) are the cofactors of the elements of the first row of the matrix 4, (a, ®).

System (1.7) is a system of boundary integral equations of the first kind with piecewise-smooth kernels,
and discontinuities can only occur along the lines of change of the boundary conditions and on the
irregular lines on the boundary S. Hence, (1.7) generate a completely continuous operator, which
converts the function from a certain set Q(S) into smooth functions of o’ € C". In the general case,
the procedure for inverting such an operator is ill-posed in view of the fact that the operator, inverse
to the completely continuous operator [10] is unbounded. In this case, in view of the special form of
the right-side of (1.7), the problem of such inversion is conditionally well-posed and allows of an effective
procedure of numerical inversion, which is based on a combination of the main ideas of the boundary-
element method and the Tikhonov regularization method [10]. At the first stage the boundary S is
approximated by a polyhedron, the faces of which we will henceforth call the elements. Within each
element the unknown functions are interpolated in terms of the nodal unknowns, and an algebraic system
is then set up on the basis of boundary equations (1.7) using the collocation method. Systems of this
type are ill-conditioned in view of the complete continuity of the integral operator on the left-hand
side of (1.7) and require regularization when inverted.

We will illustrate this technique in more detail using two simple examples of the cases most often
encountered in practice of analysing electroelastic bodies for a class 6 mm piezoelectric ceramics
polarized along the x; axis.

2. THE BOUNDARY INTEGRAL EQUATIONS
FOR ANTIPLANE DEFORMATION

Suppose S is the interior of a cylindrical region with boundary § = L x R, where L is the boundary
of the bounded simply connected region in the xx, plane, where L = L, U Lp, and L, is the electroded
part of the boundary. We will assume that u; = u; = 0, u; = u(x;, x;), & = é(xy, x;). The system of
equations of electroelasticity has the form [11]

c44Au+e|5A¢+p(02u=O, elsAu—311A¢=O (2.1)

We will further consider the case when the boundary L is stress-free, and oscillations are excited
by the potential difference on the electrodes L .., which corresponds to the following boundary conditions
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du
Caa o tass

9% ou_, 20
anl, = “55n 1), ~

2.2)
Ol =0

In this case
Po(0, @) = (0 +03)[3;,p07 = (3,,Caq + €55)(07 +02)]

is a fourth-degree polynomial and the corresponding manifolds can be found explicitly

2
£ _ 4. + . / 2 2. 12 Ipw

2
31Ca4 T €55

and the boundary equations of the form (1.7) with respect to the unknowns u|;, du/on|,, have the
following structure

| [Glj((x,,x) +Gz,( 1x)a¢]dL +J Gz3j(al,x)u(x)dL +
Ly

-+ J G24j (a‘ ,x)¢(x)dL ¢OH (al) (2.4)
= 1 2; oy e C!
In this case the kernels of the characteristic operators can be represented in the form

Gji(oy, x) = ¢,s explict, (x, £ ix;)], G3i(aty, x) = —3,, explict, (x, % ix, )]

0 0
G (o, x) = 'acﬁ (ay,x), Gg(0y,%)= "5;63.:1 (ay,x)

H,i(ocl)=[j - ]Gzt‘,,(oc,,x)de (2.5)

L. L,

. , + 3
G (0, x) = expli(oy x, + ufaf —k2x)l, Ghyloy,x)= —--a—nG,iz(a,,x)

G (0, x)=0, Gip(0y,x)=0, Hj(0y)=0

The solution is constructed by a combination of the boundary-elements method and the regulariza-
tion method. We will assume that the boundary of the region L is divided into N elements. At the first
stage the boundaries L. and Lp are approximated by the dashed lines

N Ny
L,=ulL, Lp= v L,,
- g=l g=Ny+1

where L, has the following parameterization x = xg + B4, and its parameters area expressed in terms of
the coordinates of the ends of gth element using the formulae

Xgp = (g X)) 2 By = (Rguij — %)/ 2, j=1.2
Further, in the simplest version, on each of the elements L, we assume
ul L, =u

au/anqu=vq9 aq)/anqu:\Vq’ ¢qu=¢q

q,
and these nodal unknowns satisfy the following system of linear algebraic equations

N|+N
p) B.,,,,,u,,+>: (Al,,qpq+Azpwwq>+ z sz,,,q», = GoHj ()

l]—

p=12,, Ny+Np j=1,2 (2.6)
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where the coefficients of the system are found explicitly in terms of the functions I%(ay), I75(at;)

(o) =1,(ay, tioy), Ip(oy)=1,(, £ijoi —k})

' ‘ (2.7)
expli(a, x, )] - expli(a, x, )]

io.B,)

I (0, 00)= l:[ expli(a, x)ldL, =

q

For example

Aﬁ’({i =e|51;,-(01|p), j=12 Blipclz =(a§»"q)]qiz(a1)
oy, €Cl. oy =(oy, i of ~k2) n, =(By,.-By,)

~ Thus, system (2.6) is an ill-conditioned system, but its right-hand sides are operators of the same form
as the operators on the left-hand side. The simplest Tikhonov regularization of system (2.6) enables
us to construct a fairly stable solution.

We will carry out a series of calculations for the rectangle [0, ] x [0, b], the sides of which L. are electroded
and to which a potential difference 24 is applied, where

L,={0=sx<a, xp=b}, L.={0<x;<a, x;=0}
Here the regularization parameter o has been varied from 10 to 107, the wave number k. has been varied from

0 to 12, the number of elements N has been varied from 16 to 32, and the collocation points o, which belong to
the real axis, have been varied, and also a comparison has been carried out with the exact solution

u(xy,xp) = ?3” dsin(k, xy —by)

€15
O(xp,x0) = %[SSin(k*xg = b))~ (1+8)(k,xy — bj)cos(f))] (2.8)
2
A =§sin(b)— by (1+8)cos(b)), b = kb 5 _eis
2 31144

In Fig. 1(a) we show the distribution of the boundary values of the displacement u; for Ts7T5-19 ceramics
[11] for k«a = 4 and @ = b = 1: curves 1 and 2 correspond to u3(x;, 0) and u3(x, b), and curve 3 corresponds to

(@) g4 (b)
7
om‘o—-tr'?é'
0.2 /
J /
J
175
0
=02
%.4»« : B N
W- 2
~0% 7 a5 Z,,Z, 7

Fig. 1.
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u3(0, x;). In Fig. 1(b) we show similar distributions for the boundary values of the induction D,(x,, 0) and
Dy(x), b) (curves 1 and 2, respectively) and the potential ®(0, x,) (curve 3). The continuous curves represent the
exact solution (2.8), the open points denote the approximate solution for N = 16, and the solid points are for
N = 32. Note the fairly good agreement between the exact and the approximate solutions; the relative error does
not exceed 5%.

3. THE BOUNDARY INTEGRAL EQUATIONS
FOR PLANE DEFORMATION

Consider the plane deformation of an electroelastic medium, polarized along the Ox; axis. Suppose
V is a cylindrical region with generatrix parallel to the Ox, axis and directrix L. We will assume that
Uy = ug(x, x3), 4 = 0,u3 = u3(xy, x3), ¢ = ¢(x1, x3).

In this case pp(a, ®) = det A is a bicubic polynomial in o;, and the elements of the matrix 4 have the
form

I 2
Ay = C10p + Caq03 — P@%, Ay = Ag; = (Cag + €13)040
Ay = Ay =(e;5+e3)00, Ay = Cyulti +03305 - o’ (3.1)
Ay = Ay = 1507 +e303, Ay = ~3,,0] — 33303

In Fig. 2 we show the real and imaginary parts of the manifold agj(al, V(c3y/p)) (G = 1,2, 3) for FTS-19

piezoceramics (o runs through sections of the real axis).
Relations (1.4) in this case have the form

Vi = [ (051m + 0303 ~ i((04ny0) + QangCag ity + (O n3Cy3 + 0Ly Cay Jutsy +
L

+(0lynye3, +O3ne;s Yp)e(* )de

Vy = [ (0331 + Oy3ny — i((0n3Caq + Oamcy3 iy + (041 Caq + OgtyCaz it +
L

+(a|n|e,5 + a3’l3e33 »)ei(u,x)de

Vs = [ (Dyny + Dyny — i((0ynyeys + Cigmyes) Yy + (0 nycy5 + Olanaesy Jug —
L

—(04 13 + 0l3n3333)0)e P dL

The system of integral equations (1.7) retains its form with the replacement S - L, S., Sp — Lp;
the kernels of the integral operators have the form

1
J
Im &3}
p 2
4
/=
7
0
2
/
Rzujj
2 g 7.5 z ;

Fig. 2. Fig. 3.
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Gij(0,x) = G3;(0', x) = py (041,003 (o1, @), @)R™ (0, 0, %1, %)

3
Gzikj(a’, x) = _l zl p,m(al,a:fj ((1.],CO),(.O)qkm((X,,afj,nl,n:,)Ri(a,,m, xl,X3), k = 1, 3,4 (3.2)

m=

G%zj(a',x)=0, al € C]
where

Pu(e@) = Ay Ayy — A3, o (@, 0) = Ay Ags — AjzAy,
P13(0,0) = Ay Ay — Ay Ay, R¥ (0, @, x,x3) = expli(0t, x, + 013 (0ty, ©0)x3)

G = 0yM +Caq03N3, iy = CaqQny + 03030y, g3 = 150013 + €3, 03m,

q31 = €130 N3 +CaqQahy,  Gyp = CaqOMy +C3300305, G35 = €500 1 + €3300375
941 = €310 n3 + €503y, qgp = €504 + 3305303, g3 = —(31, 041 + 33301313)

Discretization of this system of boundary integral equations is carried out in the same way as described
above for the antiplane problem. The nodal unknowns in this case are the quantities u,,, ¢,4, D,,, and
the coefficients of the linear algebraic system are found in the same way as (2.7) in the form of explicit
formulae.

We will consider two mixed problems as numerical examples which illustrate the use of the proposed approach.
The mixed problem of the oscillations of a rectangle L = [0, a] x [0, b] with boundary conditions

x1=0, a: u1=0, 0'13=0, Dl=0
x3=0, b: 633=013=0, ¢=7 ¢

This problem has an exact solution, which is represented in Fig. 3 by the continuous curve for ka =
waV(plcy3) = 5,a = b = 1; curves 1, 2 and 3 correspond to a oy,(a, x3), u3(a, x3), $(a, x3), where the light points
denote the numerical solution for N = 40 and the dark points are for N = 80.

In addition to the boundary values of the unknowns, this approach also enables one to determine the resonance
frequencies. Calculations show that even for a small number of boundary elements, the first resonance frequencies
are determined quite accurately (the error in determining the first three resonance frequencies is less than 1%).

The mixed problem of the oscillations of a rectangular trapezium with boundary conditions

15 7
10 %Q’/(
5
!
pooe__d
a@?ﬁ Nod
2
]
g 25 T 7

Fig. 4.
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X1=02 u1=u3=0, D]=0
x3=2~2x), Yh<x <l: oyn;=0 (i=13), D,=0
x3=0,b: 033=013=0, $=F¢

In Fig. 4 for kb = 2 and b = 1 we show values of the horizontal and vertical displacements and the normal
component of the electric induction on the lower base of the trapezium for N = 80 (curves 1, 2 and 3 respectively),
where the light points denote the results of calculations for N = 20, and the dark points are for N = 40. The results
of the calculations confirm that the boundary values of the physical fields have been found quite stably and confirm
the internal convergence of the method when the accuracy of the approximation of the integral operators is
increased, despite the ill-conditioned form of a system of the type (2.6).

Remark. The above approach for reducing boundary-value problem (1.1)~(1.2) to a system of boundary integral
equations of the first kind (1.7) can easily be transferred to the case when the attenuation in the electroelastic
medium is taken into account using the concept of complex moduli, by making the replacement

ijkl o ijk[(i(l)), emjk - emjk(iﬁ)), 3mj 4 3,71’(!0.))

This research was supported by the Russian Foundation for Basic Research (97-01-00673).
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